There are two elaborated abstract forms of BRST quantization on inner product spaces within the operator formalism. Both leads to BRST invariant states of the form
where ψ is a gauge fixing fermion, and where |φ is a BRST invariant state determined by simple hermitian conditions. These state representations are closely related to the path integral formulation. Here the basics of this approach is described in details. The freedom in the choice of ψ and |φ as well as the properties of general gauge transformations are explicitly determined for simple abelian models. SL(2,R) is shown to play an important role even in more involved situations. The results are also applied to nonabelian models.
Introduction.
BRST quantization in its operator version and in its path integral version looks quite different. The reason is that the standard operator version does not take into account all consequences of the necessity to work on inner product spaces. Therefore, one of us has been developing a BRST quantization within the operator formalism in which general conditions are extracted for BRST invariant states to be inner product states [1] - [8] . Only when these conditions are satisfied do we have a precise connection to the path integral representation. In fact, this more elaborated operator version provides for a precise interpretation of BRST quantization within the path integral approach which is not exactly the naive correspondence [2] . In the present paper we give a coherent picture of the elobarated operator versions of BRST quantization on inner product spaces. All basic properties are explained and demonstated to be true for simple abelian gauge models. Previous analyses are extended. We investigate more general gauge fixings in simple abelian models from a global point of view, as well as properties under global gauge transformations in these models. We determine the exact conditions under which a gauge fixing is satisfactory as well as its global uniqueness. These are basic properties underlying any gauge theory since there always exists a local abelianization [9] . The only additional features in a more general gauge theory is its topological properties which is specific for each model. All formulas obtained are abstract and formal. To find a precise result and a precise corresponding path integral representation we have to choose a consistent state space representation. It turns out that the general formulas only allow for specific classes of representations which are referred to as quantization rules of the basic variables. These rules automatically lead to precise, satisfactory path integral representations, which are expected to include known rigorous results of BRST quantization within its the path integral version. In models treated so far this has been the case. However, in some cases new representations have been found. In fact, a given model can have inequivalent representations (see e.g. [4] ). This means that there is some physics involved in the choice of state space representations.
The basic ingredients in the operator version of BRST quantization of general gauge theories are the odd, hermitian, and nilpotent BRST charge operator Q and the even, antihermitian ghost number operator N [10] . They satisfy
formally are zero norm states, the physical state space is KerQ/ImQ. In order for the last statements to be true it is absolutely necessary that all states belong to an inner product space in which all inner products are well defined. This is of course well known. However, what is not so well known is that the last conditions allow us to derive more precise formulas which have general solutions which may be specified quite precisely. This is described below.
The first approach to BRST quantization on inner product spaces is based on the condition that the hermitian BRST charge Q must be possible to decompose as follows 3) and that the physical inner product states must satisfy the conditions δ|ph = δ † |ph = 0.
(1.4) (See [11, 12, 1] .) These conditions severely restrict the class of models as well as the solutions of (1.2). In fact, within the BFV prescription for Q given in [13, 14] the condition (1.3) necessarily requires an even number of first class constraints. This is also what one has in the standard BFV-formulation with dynamical Lagrange multipliers (the so called non-minimal sector). A typical example is Yang-Mills theories. Within standard BFVformulation it has so far been shown that Q satisfies the property (1.3) for Lie group theories [1, 3] . In [1, 3 ] the δ-operator in (1.3) was constructed explicitly which also made it possible to solve the conditions (1.4). The solutions turned out to have the general form
where ψ is a hermitian fermionic gauge fixing operator with ghost number minus one, and where |φ is a simple BRST invariant state determined by a set of hermitian operators which is decomposable into eigenstates of the ghost number operator. |φ is not a well defined inner product state by itself. The inner product is only well defined with the hermitian regulator factor e [Q,ψ] present. (e [Q,ψ] has ghost number zero.) Locally ph|ph is independent of ψ and this should also be true globally for topologically trivial models. The formula (1.5) has been applied to several models [4, 5] , and it has been shown to provide for a natural connection between operator quantization and the path integral formulation [2] .
A second closely related approach to BRST quantization on inner product states was given in [6] . There the basic assumption was that the BRST singlets, |s , are inner product states provided they are determined by nonhermitian BRST doublet operators which are in involution in such a way that they together with the corresponding hermitian conjugate BRST doublets form BRST quartets in a general sense [10] . Note that the BRST singlets, |s , are BRST invariant states that describe the true physical degrees of freedom and represent the BRST cohomology (|s ∈ KerQ/ImQ). In [6] it was shown that these BRST singlets have the simple representation
for general gauge theories with finite number of degrees of freedom. (The generalization to infinite degrees of freedom is expected to be straight-forward.) ψ is the same gauge fixing fermion as in (1.5). However, |φ s is here determined by the conditions
where D r is a maximal set of hermitian BRST doublet operators in involution. At least for Lie group theories these doublets are such that |φ s in (1.6) is a gauge fixed version of the |φ in (1.5). It is also ghost fixed which means that |φ s in (1.6) has ghost number zero. Since (1.6) was shown to exist for all gauge theories which have the general BFV-form of Q, also (1.5) should generalize to all kinds of gauge theories. The property (1.4) is therefore expected to be valid for general gauge theories. The precise basic criterion for |s to be BRST singlets within this second approach is that D ′ r defined by
Note that the regulator factor e [Q,ψ] is hermitian.
In the above two formulations of BRST quantization on inner product spaces the physical states are determined purely algebraically. They are therefore formal since it remains to find an explicit realization of the basic operators and states consistent with these results. The approach is therefore different from the way mathematicians attack cohomology problems. They prescribe the basic operators and states from the very beginning. The above approaches leave some freedom for physical intuitions to act in the final explicit realization.
Some allowed forms of the gauge fixing fermion ψ in (1.5) and (1.6) were given in [6] and further discussed in [7] . These allowed forms are in agreement with the allowed forms obtained in [13] within the path integral formulation, which again demonstrates the close connection between the two formulations. In the present paper we shall further explore the freedom in the choice of gauge fixing fermions ψ. In particular we investigate the freedom in ψ and |φ in the formula (1.6) , as well as the properties under global gauge transformations for simple abelian model. We show that ψ always may be chosen to be nilpotent in consistency with the interpretation of ψ as a coBRST charge (see [7] ).
In section 2 the simple abelian models are presented and the results of [7] are generalized. In section 3 we consider a general class of gauge transformations and their properties. In section 4 we give the existence conditions for BRST invariant inner product spaces and compare the two approaches above. In section 5 we define wave function representations of the BRST singlets and demonstrate that they are consistent if half the fundamental hermitian operators are chosen to have imaginary eigenvalues. In section 6 we consider the still more general gauge fixing fermions ψ which are allowed for bosonic gauge theories and the properties of the corresponding BRST singlets. The main properties are shown to be retained. In section 7 we show that our formulas also may be applied to nontrivial models. Finally the paper is concluded in section 8. In two appendices we display the basic formulas used in the text.
Physical states in simple abelian models
Consider as in [7] simple abelian models whose hermitian BRST charge operator is given by
where p a and π a are hermitian conjugate momenta to the hermitian bosonic coordinates x a and v a respectively, and C a andP a are hermitian fermionic operators conjugate to the hermitian operators P a andC a respectively. The index a = 1, . . . , n < ∞ is assumed to be raised and lowered by a real, symmetric metric g ab . (The explicit form of g ab will never enter into our formulas mainly since our treatment is manifestly covariant up to section 6, in which g ab is further restricted to be real, symmetric and constant.) The fundamental nonzero commutators are
One may think of (2.1) as the BRST charge operator of an abelian bosonic gauge theory where p a are the gauge generators, v a the Lagrange multipliers, and C a andC a the ghosts and antighosts respectively. Alternatively one may view it as the BRST charge of a fermionic gauge theory with bosonic ghosts p a and antighosts v a , or a mixture of these two interpretations.
Following the second approach to BRST quantization on inner product spaces presented in the introduction, which was proposed in [6] , we first look for a maximal set of hermitian BRST doublets in involution. Here there are two natural sets, namely
They are dual in the sense that they together form BRST quartets since the matrix operator [D (1) , D (2) ] is invertible. We are therefore led to two natural choices for |φ -states. We have |φ 1 and |φ 2 determined by the conditions
Out of |φ 1 and |φ 2 we may construct BRST singlets according to the rule (1.6). We are then led to the following representations:
where ψ 1 and ψ 2 are gauge fixing fermions. In [6, 7] it was shown that the choices 6) are satisfactory provided the real constants α and β are different from zero, since only then do the states (2.5) satisfy the criterion (1.9). The inner products l s|s l are independent of α and β for positive and negative values separately. However, they are undefined at α = 0 and β = 0. In [7] it was shown that the two singlets in (2.5) are related as follows
where
One may easily check that the both sides in (2.7) satisfy the same conditions. Note that the BRST singlets are unique up to unitary transformations.
In [7] also the more general gauge fixing fermion
was investigated. It was found that
for αβ > 0 and
for αβ < 0. From (2.12) it follows that |s 1 and |s 2 are well defined inner product states provided α ′ and β ′ are non-zero and finite. In [7] it was also shown that there are natural representations of the operators and states that make the inner products of |s 1,2 explicitly finite.
According to the BFV-formulation [13, 14] the general form of the gauge fixing fermion is
in the case when the simple abelian model (2.1) is considered to describe a bosonic gauge theory. Λ a and χ a are then bosonic gauge fixing variables to the gauge generators π a and p a . If on the other hand (2.1) is considered to describe a fermionic gauge theory, then the general form of ψ is
whereχ a andΛ a are fermionic gauge fixing variables to C a andP a . The forms (2.13) and (2.14) are different due to the different choices of ghost number operators together with the fact that the forms (2.13) and (2.14) follow from the requirement that ψ must have ghost number minus one. The latter condition implies that the ghost number operator N commutes with the regulator factor e [Q,ψ] , a condition which always must be true. The ghost number operator in cases (2.13) and (2.14) are
The most general form of ψ consistent with both interpretations above, i.e. in which both ghost number operators in (2.15) are conserved (i.e. commuting with [Q, ψ]), and where Λ a , χ a ,χ a , andΛ a are chosen to be linear and covariant is
where α, β, γ, and δ are real parameters. It yields
where K 1 and K 2 are defined in (2.8) and where
The operators K i , i = 1, 2, 3, 4, satisfy a closed algebra: The operators K 1 , K 2 , and K 3 satisfy the algebra
which is an SL(2,R) algebra. (By means of the identification
This was also shown in [7] . In addition we have
(2.20)
Hence, we may view K i as generators of SL(2,R)⊗U(1). The K i operators satisfy also the properties
All these properties imply now
where the second equalities trivially follow from (2.20) and the last equalities in (2.21). The last equalities in (2.22) follow from the formulas in appendix A. The parameters α ′ and β ′ are here in general complex and given by
for αβ + γ 2 > 0 and
for αβ + γ 2 < 0. Finally for αβ + γ 2 = 0 these expressions reduce to
From (2.22) it follows that provided the real parts of α ′ and β ′ are non-zero and finite, |s 1 and |s 2 are well defined inner product states. (Only the real parts contribute to the inner products.) These formulas reduce to (2.11) and (2.12) for γ = 0 as they should.
Unitary gauge transformations
BRST invariant unitary operators, U , transform our singlet states as follow
which shows that changes in |φ -states and gauge fixings are related. Gauge transformations are performed by BRST invariant operators of the form
whereψ is an odd, hermitian operator with ghost number minus one like the gauge fixing fermion ψ. If we only consider gauge transformations which commute with the two ghost number operators in (2.15) then the general covariant form ofψ is given in (2.16). We are are then led to consider gauge transformations obtained from the unitary operator
On |φ 1 and |φ 2 we have then
for ab + c 2 > 0 and
for ab + c 2 < 0. Finally for ab + c 2 = 0 these expressions reduce to
The reduced parameters a ′ and b ′ are infinite for some values of a, b and c. Since we have the equality
for any parameter a (both sides satisfy the same equations), we see that an infinite value of a ′ and b ′ in (3.4) implies |φ ′ 1 = |φ 2 and |φ ′ 2 = |φ 1 respectively. Consider now the particular operator
It rotates the basic variables an angle θ. From the above formulas we find
where θ ′ = tan θ. Now since −∞ < tan θ < ∞ it follows that the general gauge transformations (3.4) on |φ 1 and |φ 2 may be represented by states of the form
for some value of the parameter θ (− 1 2 π < θ ≤ 1 2 π). The state (3.11) is annihilated by the hermitian BRST doublets
in accordance with (2.4). The states (3.11) represent therefore the most general class of |φ -states determined by linear, covariant equations. Note that although U R (θ) on operators naturally is defined for −π < θ ≤ π, the |φ -states require only −
From (3.11) and (3.12) we have
i.e. |φ 1 and |φ 2 are related by a rotation 90 degrees. This shows that the cases 1 and 2 above are unitarily equivalent. This is also true for the BRST singlets themselves. Since
we find
Although the other SL(2,R) transformations do not generate other states than (3.11) from |φ 1 , they do change K i in the regulator factor. We have in particular 16) which scales the basic operators. We have
This combined with U S (ρ)|φ 1 = |φ 1 implies that singlets of the form (2.5) with different parameter values are unitarily equivalent. Note also that
from (A.15) and (2.22). Thus, the state (3.18) is up to a simple gauge transformation of the form U = e ia ′ K 1 equal to a state e α ′′ K 1 |φ 1 where the real parameter α ′′ is equal to (A + cB) 2 /(1 + b 2 B 2 (A + cB) 2 ). Note also the peculiar identity transformation
due to the equality (2.7). A third basic unitary operator is
which performs hyperbolic transformations, i.e.
From (A.15) in Appendix A we have also
for θ = arctan(tanh λ). However, there is no unitary operator of the form (3.2) which changes the sign of α in |s 1 = e αK 1 |φ 1 since the existence of such a unitary operator would mean that |φ 1 is a well defined inner product state which it is not. Singlet states with opposite signs of α are either equivalent, or one of them may be excluded (see next section).
Existence conditions of the inner product solutions
So far we have only considered the second approach to BRST quantization on inner product spaces. As was mentioned in the introduction also the first approach is expected to yield similar solutions. The crucial issue in the first approach is to find the decomposition (1.3), i.e. Q = δ + δ † . One may notice that if one such solution is found we have a whole set of solutions of the form
where U is a unitary operator. Consider now the simple abelian model (2.1). There is a decomposition (1.3) which is such that the solutions of (1.4) will contain the singlets (2.22 ). This solution is
where C ′ a and π ′ a are given in (A.9) appendix A, and where
Note that C ′ a , π ′ a and their hermitian conjugates commute which makes δ satisfy the properties δ 2 = 0 and [δ, δ † ] = 0. One may easily check that Q = δ + δ † . There are two natural solutions of δ|ph = δ † |ph = 0. They are
where 5) and where |φ 1 satisfies the conditions 6) which are only half the conditions which |φ 1 satisfies in (2.4). Note that (4.6) may be written as
i.e. C a and π a are gauge generators while x a andC a are gauge fixing variables. As was explained in [15] conditions like B|ph = 0, B ≡ [Q, C] allow for gauge fixing conditions C|ph = 0 provided B and C satisfy a closed algebra. By means of gauge transformations it is always possible to shift the gauge fixing conditions. We conclude that the solutions (4.4) do contain the singlets (2.22).
For the abelian model we are considering the implication of the unitary ambiguity (4.1) is as follows: δ in (4.2) may be replaced by δ ′ = U δU † where U = e i[Q,ψ] whereψ is odd and hermitian. Thus, δ is defined up to a gauge transformation. The corresponding solutions of δ ′ |ph ′ = (δ ′ ) † |ph ′ = 0 is then given by |ph ′ 1,2 = U |ph 1,2 where |ph 1,2 are the original solutions in (4.4). For U = U R (π/2) we have e.g.
The states (4.8) contain the singlets |s 2 in (2.22).
Although δ and the solutions of (1.4) are defined up to unitary gauge transformations there are two distinct solutions of (1.4) which are not connected by any unitary operator. In the abelian case they are given by (4.4). Either there is an additional condition which excludes one of these conditions or one has to require them to be equivalent. The latter option was used in e.g. [4] . In the next section we will argue that the two solutions may have opposite norms in some cases.
The existence conditions of the solutions above are easy to obtain. From (4.2) we notice that the decomposition Q = δ + δ † with δ given by (4.2) is only allowed if α = 0 and sin 2 αβ + γ 2 = 0 when αβ + γ 2 > 0. Actually these conditions are identical to what (1.9) yields within the second approach in the introduction. We have
with F given by (4.3).
The solutions (4.4) satisfy the conditions
where in turn π ′ a and C ′a are given in (A.9) appendix A. The BRST singlets |s 1 in (2.22) satisfy in addition to (4.11) the conditions
where x ′ a andC ′ a are given in (A.9) appendix A, and where the constant F is the one in (4.3). The operators φ a , ρ a , ξ a , and k a and their hermitian conjugates commute among themselves except for the following two commutators
The BRST singlets |s 1,2 are therefore Fock vacua and have well defined inner products. The complete Fock space consists of half positive and half indefinite metric states (see e.g. section 5 in [7] ).
Wave function representations
We consider now wave function representations of the considered BRST singlets. These wave functions will be expressed in terms of the coordinates which are eigenvalues of x a , v a , C a , andP a . Since the state space as a Fock space contains half positive and half indefinite metric states the proposed general rule is that we can only work with eigenstates which are such that half of the bosonic and fermionic coordinates have real eigenvalues and half imaginary eigenvalues [4] . The question is which halves to choose. For the simple abelian model which we are considering the results will be that the gauge fixing fermion ψ to a large extent determines the freedom in this choice.
Some inverses of the unitary gauge transformations in (A.12) appendix A are given by
where z a ≡ x ′ a , w a ≡ v ′ a , η a ≡ C ′ a , and θ a ≡P ′ a . The real constantsα,β,γ,δ may be obtained from (A.12) in appendix A. They satisfy the property
z a , w a , η a and θ a are hermitian operators like x a , v a , C a ,P a . We choose z a and η a to have real eigenvalues, and w a and θ a to have imaginary eigenvalues. The eigenstates |z, u and |η, θ satisfy then
Note that |z, u are eigenstates to x a and v a with complex eigenvalues. We have
Similarly |η, θ are eigenstates to C a andP a with complex eigenvalues.
Note that the state |η, θ may be written as
where the vacuum state |0 ηθ is Grassmann even satisfying the conditions
The states |z, u and |η, θ satisfy also
as well as the completeness relations The BRST singlet |s 1 satisfy the conditions
where in turn A and B are given by (A.6) and (A.7) in appendix A. The singlet |s 2 satisfies on the other hand 15) where
The solutions of (5.13) and (5.15) are in the wave function representation (5.12)
In order for these solutions to make sense the bosonic delta function must have a real argument. This restricts the gauge transformations above, or put in other words the choice of gauge fixing fermion ψ governs the quantization rules, i.e. which variables may be chosen to have imaginary eigenvalues. These conditions are explicitly
Note that sign(Im{(α + Mγ)(β + M * δ )}) = −sign(ImM ) = sign(α sin 2 αβ + γ 2 ), sign(Im{(δ + Nβ)(γ + N * α )}) = −sign(ImN ) = sign(β sin 2 αβ + γ 2 ), (5.19)
When calculating the norms of |s 1,2 we find
n ud n zd n θd n ηψ * which shows that the norms are undefined for exactly those values of α, β, γ and δ for which we could not do the decomposition (1.3) or equivalently for those values which do not satisfy the criterion (1.9). (There is also an infinite factor present when the sign factors are zero.) The results (5.20) also suggest that the physical vacuum norm changes sign when we cross the singularity points in odd dimension n. (Such changes for the fermionic vacua was given in eq. (4.18) in [16] .) However, the relations between the bosonic vacua are not obvious since they are normally not related.
The above results are considerable generalizations of previous results which were for β = γ = 0 [7] . One may notice that when γ = 0, in which case ReM = ReN = 0, the unitary transformation in (5.1)-(5.2) may be chosen to be the identity transformation. This is not the case when γ = 0. Note that the conditions (5.18) leave a three parameter freedom in the unitary gauge transformations. Inserting (A.14) in (5.18) one finds a relation between the parameters a, b and c (d may be chosen arbitrary).
We conclude that the basic quantization rule in [4] that half of the bosonic and half of the fermionic unphysical hermitian operators should have imaginary eigenvalues leads to perfectly consistent solutions even in the more general situation which we are considering here. However, we had to use this principle in a very general form in which the original operators were chosen to have complex eigenvalues.
Still more general forms of ψ
We may consider a still more general gauge fixing fermion if we view (2.1) as the BRST charge of a bosonic gauge theory. In this case only the first ghost number operator in (2.15) is conserved. The general form (2.13) allows then for a gauge fixing fermion of the form
where ψ is given by (2.16 ). This expression yields
where in turn
In distinction to the case in the previous sections the metric g ab enters here explicitly. In fact, in order to have bilinear expressions in (6.1) and (6.2) the metric g ab must be constant, and this was assumed in (6.3) . Comparison between (6.1) and (6.2) implies the following relations between the parameters ζ i and λ k : λ 1 = ζ 2 , λ 2 = −ζ 2 and λ 3 = ζ 3 + ζ 4 . Note that we may always choose the parameters ζ i such that ψ 2 = 0 without affecting the gauge fixing factor e [Q,ψ] .
Obviously V k commute among themselves. Note that they cannot provide for a good gauge fixing by themselves since they do not contain ghost terms. The combined algebra of K i and V k is given by (2.19), (2.20) and
Eq.(6.4) implies that V k transforms as a vector under the SL(2,R) generated by K 1 , K 2 and K 3 , and (6.5) that K 4 generates scale transformations of V k . The V k -operators satisfy furthermore the relations
The general gauge fixing (6.1) involving all the terms presented so far leads to the following BRST singlets (see appendix B): Thus, states with opposite signs of µ (ν) are unitarily equivalent.
From appendix B it follows that (4.2)-(4.3) as well as (4.10) are still valid. Thus, the existence conditions of BRST singlets as inner product states are exactly the same as before (see section 4). However, the wave function representations are different from those in section 5. The singlets |s 1,2 are here determined by the conditions (5.13) and (5.15) in which the first conditions are replaced by
where the complex constants A, R, S, and A ′ , R ′ , S ′ are obtained from x ′ a and v ′ a given in (B.7) appendix B. The solutions are of the form
If we still impose conditions (5.19) we find for the norms of |s 1,2
This is well defined for α sin 2 αβ + γ 2 = 0 (β sin 2 αβ
2 ) has a negative real part. This seems always possible to achieve with an appropriate choice ofα andγ. As is shown in appendix B K(K ′ ) in (6.12) goes to zero as δ→0 or δ→± αβ + γ 2 . With appropriate normalization factors these limits should be well defined. However, for α sin 2 αβ + γ 2 = 0 (β sin 2 αβ + γ 2 = 0) the normalizations are undefined since the bosonic Jacobi determinant is infinite while the fermionic integration yields zero.
The V k -terms in the regulator factor e [Q,ψ] are usually necessary in order to obtain a regular effective BRST invariant Hamiltonian or Lagrangian in a bosonic gauge theory. This should be obvious due to the momenta squared in (6.7). In general these terms violate the simple SL(2,R) structure we had before. However, for µ = αλ and ν = βλ this structure is retained. For these values the right-hand sides of (6.7) may be written as e αK 1 |φ 1 and e βK 2 |φ 2 wherẽ
These operators together with K 3 satisfy then exactly the same algebra as K i , i.e. the SL(2,R) algebra (2.19). Notice that (6.8) in this special case may be written like (2.7) i.e.
Furthermore, one may notice that the formulas (2.10)-(2.12) are still valid with K 1 and
due to (6.6) . This means that we also here may consider more general gauge fixing like in (2.10). However, δ should then be set to zero in (6.1) in order to have this structure, since K 4 in (6.2) couples toK 1 andK 2 and therefore destroy the SL(2,R) algebra.
Above we have investigated some applications of a general gauge fixing fermion
where Λ a and χ a are linear and covariant in the basic variables for a simple abelian bosonic gauge theory. We have then shown that the properties of the BRST singlets expressed in terms of e [Q,ψ] in general are determined by the SL(2,R) properties of the commutators [Q, ψ] . A characteristic feature of these cases is also that the gauge fixing variables Λ a and χ a commute among themselves which in turn implies that ψ in (6.17) is nilpotent (ψ 2 = 0). These properties are expected to be valid also in more general gauge theories, which to some extent is verified in the next section.
We end this section with the remark that if we instead interpret Q as the BRST charge of a fermionic gauge theory then the general form (2.14) allows for the gauge fixing fermion
where ψ is given by (2.16 ). This expression yields in the case of a symmetric metric
where in turn ρ = ρ 2 − ρ 3 . Note that
Note also that K 1 , K 2 and K 4 commute withP a C a , but that
Applications to nontrivial models
In this section we give two examples of non-trivial bosonic gauge theories to which our formulas may easily be applied.
Example 1: Cohomological dynamics
Any regular dynamical system may be written in a reparametrization invariant form [17] . The BFV-BRST charge for such a theory is
where H is the Hamiltonian of the original theory and π the conjugate momentum to time, t, which here is a dynamical variable. π v is a conjugate momentum to a Lagrange multiplier v. All variables are hermitian. Since H commutes with t we may treat π + H as conjugate momentum to t. It is then quite obvious that all formulas in their most general form given in section 6 and appendix B apply here. The BRST singlets are of the form
where ψ ′ and [Q, ψ ′ ] are given by (6.1)-(6.3). The |φ -state may e.g. be chosen to be |φ 1 or |φ 2 determined by the conditions
3)
Note that the last condition is the Schrödinger equation. In this case we have no covariant indices to care about. We may therefore without problems consider transformations obtained from the BRST invariant operator V given by
where t 0 and v 0 are two constants. We find then
ψ is equal to ψ ′ with t and v replaced by (t − t 0 ) and (v − v 0 ), and |φ 1,2 satisfy (7.3) and (7.4) with the first conditions replaced by
We have then arrived at the gauge fixings considered in [8] . However, the singlets V |s are a considerable generalization of those given in [8] .
Example 2: Nonabelian gauge theory
The BFV-BRST charge for a general bosonic nonabelian gauge theory with a finite number of degrees of freedom is given by (a, b, c = 1, . . . , n < ∞) [13] 
where θ a are the hermitian bosonic gauge generators (constraints) satisfying
where U c ab are real structure constants. (We consider Lie group theories.) Remarkably enough there exists a simple abelianization of the BRST charge (7.8) by means of which all our results for abelian models can be directly applied to (7.8) [7] (see also [18] ). Introduce canonical group coordinates, x a , which are hermitian operators satisfying the properties 10) where the hermitian matrix operators
We may then define hermitian conjugate momenta, p a , to x a by (7.12) in terms of which we have
Consider then also the following unitary transformation which only affects C a , P a , and p a
If one now inserts (7.13) into (7.8) and replaces C a , P a , and p a byC a ,P a , andp a using (7.14), one finds 15) which is the BRST charge (2.1) for an abelian model. The complete set of canonical operators are {x a ,p a ; v a , π a ;C a ,P a ;C a ,P a }. Since we here have a bosonic gauge theory we may consider the general gauge fixing fermion (6.1). The BRST singlets are given by expressions of the form 16) where [Q, ψ ′ ] is given by (6.2). The K i -operators (2.8) and (2.18) may then be written in the following invariant forms
However, the V i -operators (6.3) are noncovariant. The reason is that (6.1)-(6.3) requirẽ p a to be obtained fromp a by means of a constant metric g ab , which is unnatural sincep a has a curved index.
The state |φ in (7.16) may e.g. be chosen to be |φ 1 or |φ 2 determined by the conditions
In terms of the original variables these conditions are
To prove the equivalence of the last conditions in (7.18) and (7.19) we have used [7] are not quite correct. The adjoint matrix representation A a b in (6.19) should have the argument +iα ′ v a , and the right-hand side of the last equality in (6.20) should have a term iβ ′ M b a π b added.) The singlets (7.16) are a considerable generalization of those given in [7] .
Conclusions
Hopefully the results of the present paper have to a sufficient degree demonstrated the viability of the abstract approaches to BRST quantization on inner product spaces as presented in the introduction. We have explicitly considered very general classes of gauge fixing fermions in simple abelian models. We have determined the exact conditions for the existence of BRST singlets as inner product states both abstractly and concretely within a specific state representation. The two abstract conditions as well as the explicit wave function integrations led to the same results. We have verified the general quantization rule that half of the fundamental hermitian operators are to be quantized with imaginary eigenvalues. Some choices of gauge fixing fermions ψ forced us then to consider complex eigenvalues of the basic variables. In this way we have to some extent explored the freedom this general quantization rule leave us. In all cases we found that ψ could be chosen to be nilpotent without affecting the singlets. The importance of the SL(2, R) symmetry in the gauge fixing first noted in [7] are retained even in the much more general gauge fixing we have considered. Finally, we have demonstrated that these results also are valid for nontrivial models like the general nonabelian one in (7.8).
Appendix A

Transformation formulas used in sections 2 and 3
In section 2 and 3 we considered the general gauge fixing fermion (2.16 where
and
for αβ + γ 2 > 0. For αβ + γ 2 < 0 we have
(A = 1 and B = 1 for αβ + γ 2 = 0.)
We have used the fatorizations above to derive transformations of the form
where D is any operator. For the basic variables we find explicitly
These transformations imply
The corresponding transformations for the unitary SL(2,R)×U(1) transformations considered in section 3 are
The explicit expressions are obtained from (A.9) with the replacements α→ia, β→ib, γ→ic and δ→id. We find The unitary transformations (A.12) imply
Appendix B
Transformation formulas used in section 6
Here we explore the extra features of the theory that follows from the more general choice of gauge fixing fermion ψ made in (6.1), which is valid for simple abelian bosonic gauge theories. As we will see all the relevant properties of the theory is still dictated by the SL(2, R)-sector of the gauge fixing considered in appendix A. where the parameters s i and t i are given in (A.4) and (A.5), and where By means of (B.3) we find now the transformation formulas (A.9) in appendix A where x ′ a and v ′ a are generalized to
where the parameters p i are given by (B.4)-(B.6), and where These conditions are identical to those in section 2.
